MAGNETOHYDRODYNAMIC FLOWS IN PIPES IN
PRESENCE OF A LONGITUDINAL CURRENT

(MAGNITOGIDRODINAMICHESKIE TECHENIIA
V TRUBAKH PRI NALICHII PRODOL'NOGO TOK A)
PMM Vol, 31, No, 2, 1967, pp.356~362
S. A, REGIRER
(Moscow)

(Received December 12, 1966)

This paper supplements the results obtained in [1], We consider in it some general pro-
perties of fully developed magnetohydrodynamic flows in pipes in presence of a longitu-
dinal electric current, Examples of exact solutions given here show, that the thickness
of a boundary layer on the walls parallel to the direction of field, are of the order of
M~ % where M is a Hartmann number.

1, Fully developed steady flow of an incompressible, isotropically conducting fluid
in a pipe, was investigated previously in {1 to 3] . It was shown that transverse distribu-
tions of velocity U (¥/, €) and induced magnetic field (Y. 2z) satisfy Egs. (1.1)

£ 3

1 9
NAu+tgz B Vb=—P*, v Ab+B Vu=0, Pr=— 5 = const
with the corresponding boundary conditions, provided that the following equalities,
4re
div B_L =0, rot BL = Tx€xr 1,, = const {1.2)

where ,L is a specified constant, hold for a magnetic field B J_(y, 2) transverse to the
flow. Hydrodynamic pressure p = p* — B%/ 8x is given by

P+ -g}; = Cx — -%— 45, (C = const) (1.3)
where 4 is vector potential of the field B iy le, B, =04 / 8y, By = — dA/ oz.

The conditions imposed on B, by (1,2) are not sufficient for the solution of (1. 1) and
(1. 3) to acquire a physical meaning, Indeed, if 4 is a multivalued function of ¥ and 2,
then the pressure D will not be singlevalued when Jk #0, although the field B may be
uniquely defined, Lack of uniqueness of the pressure implies that in a pipe of given
profile another motion in the (}/, &)-plane takes place, apart from the main flow, For
example, in an annular pipe with a radial magnetic field and axial current, the resulting
motion is not purely longitudinal, but always spiral (see e, g, [4]).

Unique determination of pressure is possible if the integral of O p/98 over any closed
contour Z lying entirely within the cross section of the pipe, is equal to zero, From this,
taking into account (1. 3) and the fact that 34/0 8 is proportional to the component of
B, normal to the contour, we obtain

CS) B, ds=0 (1.4)
L

Physical significance of the condition (1, 4) is obvious, Total pole strength inside the
fluid and in the internal cavities of the pipe, should be equal to zero, Our previous
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example of a flow in an annular pipe contradicts this requirement, since the source of
radial field is situated within an internal cavity, However, if the radial field is replaced
with a homogeneous transverse field, then the condition (1, 4) will be fulfilled and we
shall be able to construct a solution to (1, 1) and (1, 3). Thus we can see that Eqs, (1, 2)
and (1, 4) form a system of conditions necessary and sufficient for the existence of a
fully developed flow,

It can easily be shown that (1, 1) has a simple particular solution
cP*A
i,

If the external magnetic field is such that the above expressions for velocity and the
field satisfy all the boundary conditions, then the flow differs from the usual hydrodyna-
mic flow only in its pressure distribution and in the appearance of an electric field, A
flow in a nonconducting pipe of circular cross section with longitudinal current and in
absence of other sources of magnetic field [5] is an example of such a trivial situation,
Below we consider some nontrivial problems in which
velocity distribution varies appreciably,

u = const — b = const (1.5)

r /2 [—A——
Y

2, Let the current f; be the only source of trans-
verse field during a flow in a pipe of circular cross
section of radius 7"0 , so that

B.L = egBo, B‘ =2ﬂixr/c, A = ﬂjxf’/c

)
1

We shall assume the walls of a pipe to be thin and
ideally segmented, i, e, possessing zero conductivity
in the X -direction and arbitrary conductivity in the
@-direction, Then [5] (2.1)

u=0, b—by(6)= —x(0) ob/or for r = ro

L————«—I/H —qji— Here Dqo(0) is the longitudinal field outside the
pipe and X (8) is the corresponding azimuthal con-
ductivity of the wall, For example, in case of a
channe] with two arc-shaped electrodes (Fig, 1), we have

%(0)=0 for elb{n—0a, nt+ab2n—0a

%x0)—> o0 for —aLLa, n—al0<n+ta

_ ] 2aIjc  for OO
b, (8) = {-—2::[/0 for 1 <0< 2

Fig, 1

2.2)

When Do =0 and X (0) is finite, solution (1, 5) satisfies the conditions (2, 1), provided
that the constants are suitably selected,
When b, == 0, we shall for simplicity assume that

b (ro, 8) = by (8) (2.3)
is a given function and &y (0) = by, (n) while by, (—8) = — by, ().
Let us now write (1,1),(2,1) and (2, 3) in dimensionless variables, choosing
Ty T —
ro, U=-.i_S S rudo dr, ﬂ"_ﬂl]
nfo' c?
0 =

as characteristic units of length, velocity and the field, and retaining the previous desig-
nation for & and b, Then,
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Au - M3b/3B = — P, Ab -+ Mou/o8 == 0 (2.4)
207 _ro? e 2
_pe — _’_x._fi(_f_ P e 1o
P=p Uy M= —5 1 A=zt F o T 00

Solution of (2, 4) and (2, 5) will be sought in the form

o]
Zt—ry 4 E w, (r)coskd, b= D) b, (r)sink0 (2.6)

k=1
(Dg? -+ KM% uy = 0, D)+ BM®) by =0 2.7
0 ()=0, b (1) =8, = .}1:_ 3 b, sin k6 db 2.8)

@4 od 4
Dyuy()=—kMB,, Db, (1)=0, D y=—mt———

Solutions (2, 7) and (2, 8) of boundary value problems regular within the c1rcle o0srsi,
can be expressed in terms of Thomson functions
v ——p bei,r kM ber, ka-—- bei, kM ber, r YVEM
k k ber,2 kM -+ bei 2 Y kM

29
ber, r Y/ kM ber, \/ kM +- bei, r Y kM bei, kM &
ber, 2 Y kM + bei 2 |/ kM

Velocity distribution (2, 6) and (2, 9) exhibits some properties associated with flows
under the conditions of free convection [6], e. g, mean velocity I/ = £*rg?/ 8 v and
the axial velocity & (0) = 20/, are independent of the Hartmann number // .

When the function (6 ) with its Fourier coefficients 8 is given (this is equivalent
to specifying a radial current J,~2y on the boundary), then Formulas (2, 6) and (2, 9)
give complete solution to the problem and (2, 1) yields the connection between the cor-
responding distributions of De(9) and X (0) . If, on the other hand, b, is defined in
terms of De(0) and X (8) , then (2, 1) yields, for the coefficients 3y, an infinite system
of linear equations which c¢an be solved by numerical methods (when A (8)is givén in
the form of (2, 2), we have a so called problem on dual trigonometric series)

bk:Bk

B+ 5 2 BiTie (Mgt — ia) = & (=12...)
. ,Ek""l . (2.10)
slkTSstine’ede, "k“:-ﬁ—S“OSkWO

—Tt

T =B (1) =— (VILEM | A,) [ V2K ] MA, + ber, VM ber,_, VEM +
+-bei VM beiy_, VkM — bei, V&M ber, ; VM -+ ber, VM beiy_, VEM] (2.11)
A, = ber, 2 kM + bei 2 VM

We shall use asymptotic representations of Thomson functions [7]

2 V2 . Ex . ) r Y %
berkz~ Vons COS(V& +-—:~4'§*), bo1kz~ ng(ﬁ+ 2 ~——~8-—>
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to study the obtained solution when r/M > 1, and we shall transform (2. 9) and (2. 11)
i 1 o —
into U, ~B, R [(r—1) VEM[2]sin(r —1) VEM /2,
. (2.12)
by ~ By ke [(r—1) VEM [2)cos(r —1) VEM ]2, T~ VEM[2

Inspection of these formulas shows that near the wall 7= 1 boundary layers (dynamic
and electric) are formed and that their thickness decreases with increasing Hartmann
number as M "2, provided that B, are fixed, We also see that when #/ —»and when
M- 0, the flow tends to become an ordinary Poiseuille flow, Therefore, there exists
some value of #, corresponding to the greatest symmetry in the flow and the greatest

value of o 1
W = 2 Sruk2 dr
k=1%
can be taken as the measure of this asymmetry,
Formulas (2, 12) show also that periodic variation in velocity and field is possible near
the wail of the pipe.
Y Having calculated the components j and j, of
the current density in terms of derivatives of & and
r having investigated their asymptotic behavior at
large M, we can easily establish that the radial com-
ponent ./, decreases exponentially with increasing

a‘, M, when 7 <1, Azimuthal component jg also
z decreases in this case, but /M times slower, and at
r =1, increases infinitely as v/ #, Thus, when# »1
the flow narrows into a boundary layer and becomes
paraliel to the external field, This explains its ten=

dency to become a Poiseuille flow as M »w ,

Hg. 2 3. In the previous problem, nontriviality of the
solution, i, e, deviation of the velocity profile from Poiseuillian was caused by the inho-
mogeneity of longitudinal magnetic field on the boundary, Obviously, the flow will not
be Poiseuillian under any violation of symmetry of the boundary conditions, Let us for
example assume, that a cylindrical pipe has a radial partition (Fig, 2) whose longitudinal
conductivity is equal to that of the fluid, while the radial conductivity is infinite, Walls
of the pipe will, for simplicity, be assumed nonconducting, If the magnetic field is, as in
Section 2, generated only by the constant current Jx, then the distributions of velocity
and induced field in a flow taking place in such a channel, are found from the solution
of Eqs, (2, 4) with the following boundary conditions

u=b=10 for r=1,3u/66=bm0 for 0=0

b0 =u=0 for 0= -4n (3.1)
taken into account,
Putting

o0 e o]
i = — = —
Y u, (1) cos{k— 1o, & b, (r)sin (k— L\o 3.2
Nl ( z) E; k ( a) (3.2)

we obtain
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(Dol =P M ue sy (= r ™, (1) =0, Dy (b = -1,
} () .;)
. . k
7, ¢ L 3 eos(h —odo 20T Tt Py
Ty & (k-— /) k M (k—1/5)
Let us now introduce the operators
Ly =Dy, (k=) Me™ LoDy b (k1)) M (3.4)
The relations
Ly "Ly=2D ., L,—L =t2-t2 LL =LIL, (3.5)

are obvious,
Writing (3, 3) in the form L, Ly wy = —y, (k — '/;)?r"? and remembering that the
solution is bounded when 7 = 0, we obtain
Ly = Fiiny, (D) 021, (5 =2 5 g gy, (57)
Ly = BTy, (5n) F020 =120 g 4, (T47)

where £y and Fy are constants, while 3_s y-vy, ate Lommel functions, This, together
with the second Eq, of (3, 5) yields W which, with (3, 4) and the first Eq, of (3. 5), gives
bk . Adding the conditions (3, 3), we obtain the final form
B Te Jk_l/, (-';k")]
"W ME— gy -

1:.)/2 (%k)
Ty, (T, )

— Ty (k—1/2)*Re {"’—s. K-y (Tx) S_g, ks (%4T) ]

Jk*’/:(?k) B
_ T s (?kﬂ
= T [t J,‘_,,,(rk)}
et i g ) 22 ]
k 2 -8, ke \ "k ‘fk—‘ll (_Tk) ~3, k=12 \ “k

Transition to Thomson functions and their integrals is easy, but uninteresting, Use of
asymptotic representations of Bessel and Lommel funetions [8] for rv/M » 1 enables us,
as in the previous problem, to establish the formation of a- boundary-layer of thickness
of the order of /2 near the wall, and to confirm the fact that the distribution of & and
b in ", can be nonmonotonous,

A Hartmann type boundary layer is formed on the partition 0 =77, 7> 0. Its thick-
ness can be found from (2, 4) and (3, 1) by introducing a new variable g =ro ,feglecting
the derivatives in 7° as compared with those in £ and obtaining a solution in its general
form, As expected, thickness of the boundary layer is found to be of the order of (T My,

4, When the axial symmetry of transverse magnetic field B N is disturbed, the resulz-
ing flows are non-Poiseuillian,
Consider e, g, the case when a homogeneous external field (here, as opposed to pre-
vious problems, polar angle O is taken from the }-axis)
B, = ¢ 25/, ric)—- e,By = e,Bysin 8 + ey (Bo cos 0 4 27/ r/c) (4.1)
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is superimposed on the azimuthal field of the longitudinal current, Such a field satisfies
the condition (1, 4), ( orresponding developed flow in a circular pipe with nonconducting
walls, is described by (4.2)

- ob ob [ e
A -i- M l_swsinﬂ-%%(—;_—cusﬂ 1 )?[:—P

C ' du [ e )
Ab ;aMt_S'a—;sinﬁ—}-%iTmSﬁ 1 ﬂ == U

3

w(1, 8) =b(1, ) (4 3)

where € = Boc / 2xj4ro, and the remaining dimensiof«
less magnitudes are the same as in Section 2,
Lines of force of the transverse magnetic field B .
(solid lines on Fig, 3) form a family of concentric
Fig, 3 circles with the center at the point 8 =TT, 7"=€,

As € increases from zero, the center of lines of force
moves away from the center of cross section of the pipe, in the negative direction of
the I/-axis, Thus, when € — 0, the flow becomes Poiseuillian (see Section 1), while
when € - ® , it tends to the well known flow in a homogeneous external field [2 and 5],

Let us now make use of polar coordinates with their center at the point (e, %), We
put
p? = r%.}- 2e rcos 0 4 &2, p sinp = r sin 6, p cos Y=rcosb - e (4.4)
Using the variables p and | we obtain, from (4. 2) and (4, 3), a system analogous to

(2.4 and (2.5) Au+M%=--P, Ab+M—§%=€) (4.5)
u=>b=0 for p*=1 — &% 4 2ep cosyp {4.6)
Taking into account the symmetry in |, we can write the solution of (4, 5) as
(=] aQ
u 2_1!:. A=)+ 3 u(p)cosky, b= 3 b, (o)sinkp (4.7)
k=1 k=1
where Uy and D, are given by
Dkuk -+ kak =, Di(bk — ,CMuk =0 (4.8)

with accuracy of up to four constants for each 4, In this manner we arrive, fulfilling
the boundary conditions (4, 6) for infinite sums (4, 7), at an infinite algebraic system,
We should note that when € <1, then only two out of each four constants appear in the
system, The other two are made equal to zero because of the requirement of regularity
of the system as 0~ 0. When € > 1, then all the constants have to be determinred and
the number of equations is doubled, since § varies within finite limits ( I ] l <sin ¢ /€))
and two values of P correspond to each value of |,

Let us limit ourselves to the case € <1 and derive for it the algebraic system men-
tioned above, We shall utilize the solution of Eqgs, (4, 8), which has the form

Uy )= E;,Ik (tkp) + Fk"k (:-‘k?)! bk (p}=— iEka (T, + iFk"k &)(P) (4.9)
N

together with relations
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ok e (4.10)
1 ekl 1 Srk-sg)
coskp=——n ¥ T " cos(k—s)0, sinkp=— S 2T " sin(k—s)0
oF S TE—) (k—s) b= R =i (=2
and the Gegenbauer formula
J (T > T (Tt} Ty (— 8T
k_(.__k,f)sz" 3 (e Jed ",3 o § . ¥ /¥ (cos 0) (4.11)
(tkp) Il=0 (f);r) (— 81:3)
FEYl { 521_25 Bl , ' 12§
of (=3 (—1) (kti—j—D'p
o =2

Inserting (4, 9) to (4, 11) into series (4 7), putting "= 1, ¥ = 0 and & = 0 and multi-
plying respectively by cos” 0 and sin”i6 we obtain, on integration from —17 to 1T, an
infinite system in £, and 7}

oo oo k<l
3 N (AgE +AuF) 2 XN PR LD (h—s—m|, 1—2)+ (412)
k=1l=0 8=0 j =0

T (k—s+m, |—2)))=a,P
oo o0 k <‘/al

N N (AyEy— AP X D P s DT (k—s—m]|, 1—2)—
k=1ll=0 8=05=0
—J(k—s+4m, 1—2)}=0

(— 1)/212e® (o 7 )] KD (K 4 1) o e @) Th (—et,)

Pk s )= T2 1 T (F — &)1 v Ag = Cent
Y. e (g —]
J(p,g9)= "‘tiz‘ 2(g=1) M(q +1) for ¢ —p=20>0 (», ¢ are whole
2 numbers
J(p, ¢9)=0 for p>gandfor g—p=21—1>0
(m=0,1,2,3..., ag="1/62n, @y ==1/8n, ae==ag= -+ - =0)

Obviously, when €~ 0, the right-hand sides vanish and we have a trivial solution
Fy =F = 0 which has, according to (4, 7), a corresponding Poiseuille flow,

System (4, 12) becomes somewhat simpler when € = 1—0, when the center of the 1ines
of force approaches the wall of the pipe, It can be written as

o [o0]
N (Exogm + F agm) = 0, P, D (Bt — Fragm) =0
k=l k=1
e = M g () ) (T) T Taireamy (%))
m:0,1,2,.... do:dlﬂljgﬂ, dy=Qg=+»v =0

When values of € are small and €/ /# « 1, we can construct a solution in form of a
series in powers of €, Ed.(4 9) and the system (4, 12) then yield, with accuracy of up
to the order of €,

eP ber;r VM ber, VM +beiyr VM beir VM

P .
u%TU«-r’——chosﬂ)—i——z- borg VI 1 beig VI v c&zz(:s)

p P beri VMbeisr VM —bersr VMbes VM . o
~ 2 ber;® VH + bei;? Vﬂ—l
In this approximasion, distribution of induced field is symmewic with respect 1o Y=0:
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in higher approximations this symmetry disappears,

A complex pattern of currents in the cross section of the pipe is shown schematically
on Fig, 3 with broken lines, Direction of circulation is given by the highest e, m, f, (in
the present case the e, m, f, when [/>—€) and the current density by the difference of
absolute values of e, m, f, at y>—€ and Iy<—€, As € - 0, that difference also tends
to zero and the current disappears, Although the magnetic field is not homogeneous
when € <1, current loops do not show any singularities when compared with the case of
a homogeneous field [5], At large Hartmann numbers a boundary layer is formed near
the wall, in which the current loops are closed, while at the center the direction is radial,
Near the point (€, 1) a region (r~M - 2) appears, where the e, m, f, is smalil and current
flows in the }/-direction, For small Hartmann numbers, this region becomes a circum-
ference of radius 7"~ 12-\/ 3, These facts are easily established by considering the asymp-
totic behavior of the solution (4, 3) at the small and large values of M,
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